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l1ntroduction
InthisarticleweconsidertheproblemofcharacterizingtheimageofthePoisson
transformsfromtheShilovboundaryoftheSiegelupperhalfplaneH>,toahomogene‐
ouslinebundleoverHh；
Ｈｈ＝{ZEjMm(Ｃ)；&Ｚ＝Ｚ,ＩｍＺ＞Ｏ}＝ＳＰ(",Ｒ)/Ｕ(")．
Thespace{ＺｅＭ"(Ｒ）；`Ｚ＝Ｚ)isadensesubspaceoftheShilovboundaryofHh，
ｗｈｉｃｈｉｓａｓｍａｌｌｃｏｍｐｏｎｅｎｔｏｆｔｈｅｂｏｕｎｄａｒｙｏｆＨｈｉｎｔｈｅｍａｘｉｍａｌＳａｔａｋｅ
ｃｏｍpactification・
WedefinethePoissonintegralsoffunctionsontheShilovboundary，whichisa
generalizationofthePoissonintegralsonthecomplexupperhalfplane・Themain
result（Theorem3．’）assertsthatwecancharacterizetheimagebysecond-order
differentialequations
lnthecaseoftriviallinebundleoverHZ,i､ｅ､thecaseoffunctionson仏,theanswer
wasgivenbyJohnson5）forharmonicfunctionsandbySekiguchi6）forarbitrary
eigenfunctionsofinvariantdifferentialoperatorsonＨｈ・Ourresultisageneralization
oftheirresultstothecaseofhomogeneouslinebundlesoverLLz・
ToprovethetheoremweusetechniqueｓａｎｄｒｅｓｕｌｔｓｉｎＳｈimeno7)8)9)．
２Notationandprelilninaryresults
2．１Notation
Let
Ｇ＝ＳＰ(",Ｒ）＝{ｇｅＳＬ(2",Ｒ）；`gﾉ１９＝ノ}，
where ０曲 ム０（ ）ノー
ａｎｄＩｈｉｓ〃×〃identitymatrix・ＴｈｅｇｒｏｕｐＫ＝Ｏ(2"）ｎＳＰ("，Ｒ）ｉｓａｍａｘｉｍａｌ
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compactsubgroupofG,whichisisomorphictoU(")ｂｙＡＢ ＢＡ（ )ＥＫ－Ａ+FrBEu("）
Ｌｅｔ９ａｎｄｆｂｅｔｈｅＬｉｅａｌｇｅｂｒａｓｏｆＧａndKrespectively・Let8denotecorresponding
CartaninvolutionofGand9WehaveaCartandecomposition9＝fep,wherepisthe
-1-eigenspaceof8in９．
ＦｏｒノeZletrldenotetheone-dimensionalrepresentationofU(")ｇｉｖｅｎｂｙｒＪ(jr)＝
(detjr)`(ｊｒｅＵ(")）andwedenotecorrespondingrepresentationofKandfbythe
samenotation
LetEがdenotethe〃×〃matrixwith(バノ)-entrylandallotherentriesbeingO・We
chooseaCartansubalgebratofu(")tobethesetofdiagonalmatrices・Ｗｅｄｅｆｉｎｅｅｉ
ｅ,/=丁t＊ｂｙＥｉ(Ｅｉｊ)＝Ｍ１ニノ,ノー〃).Let△denotetherootsystemof(9,t)ａｎｄ△＋
bethepositivesystemof△givenｂｙ
△＋＝{2s‘,Ｅｊ±どん；１二ノー〃,ｌニノ＜A；二〃}．
Forγｅ△ｌｅｔ９７Ｃ９ｃ＝９②風CcenotetherootspaceforγLetＰ±＝Ｚ７Ｅｊ氾土γ,where
△力isthesetofnon-compactpositiverootsWehavePc＝ｐ+＋ｐ－ａｎｄ[p+,ｐ－]＝fc、
Ｗｅｐｕｔ
(弓"＿L)皀川二…）Ｘｉ＝
and｡＝ＺＩＬ,ＲＸｉ・ＴｈｅｎqisamaximalabeliansubspaceofP・ＷｅｐｕｔＸｂ＝Ｘｉ＋…
＋ＸｈＬｅｔｅｉ(１≦ノー〃)ｂｅｔｈｅｌｉｎｅａｒｆｒｏｍｏｎｑｇｉｖｅｎｂｙｅｊ(Ｘ,)＝伽Letzdenote
therestrictedrootsystemofthepair(い)ａｎｄＺ＋bethepositivesystemofZgiven
by
Ｚ＋＝(比`,ｅｊ±e魔；１ニノニ〃,ｌニノ＜ﾉﾚﾆ〃}、
ForaeZlet9aC9betherootspaceforaFor9＝§P(",Ｒ）ｗｅｈａｖｅｄｉｍ９α＝lfor
aUにzWeputp=告囚…For川に｡:IetAbetheelementofocdeter-
miｎｅｄｂｙＢ(Ｈ,ＡＡ)＝Ａ(Ｈ)forallHEq,whereBdenotestheKillingformof9ｃＦｏｒ
入,ﾉueqfweput</1,浬〉＝Ｂ(ＡＡ,Ａ鰹).Since{e,,…,ｅ")formsabasisofq*,any入ｅＱｔ
ｃａｎｂｅｗｒｉｔｔｅｎａｓ/{＝ＺＩＬ,入ｉｅｉ(んＥＣ).WeidentifyQtwithC〃ｂｙ入→(』,,…ル).In
thisidentificationwehavelo＝（",〃-1,…，１)．
LetAbetheanalyticsubgroupsofGcorrespondingtoqLetn＋＝Ｚα二国+ｇａａｎｄｎ－
＝８(､+)LetlV+andIV-bethecorrespondinganalyticsubgroupsofGLetMbethe
centraｌｉｚｅｒｏｆＱｉｎＫＴｈｅｓｕｂｇｒｏｕｐＰ＝ルZAjV＋isaminimalparabolicsubgroup
ofG，
WecosiderthesubsetB＝{ｅｆ－ｅ+,；１≦／≦〃－１}ofsimplerootsandcorrespond
ingstandardparabolicsubgroup品ofGwiththeLanglandsdecompositiｏｎ囚ご＝
ﾉＬＡｓＩｗｓｕｃｈｔｈａｔＡごＣＡＪＷｅｈａｖｅ
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口ご＝ＲＸｂ，｡(日)=＝ＺＲ(Ｘｊ－Ｘ：+,)，ｉ＝１
２．２Eigenspacesofinvariantdifferentialoperators
WereviewthemainresltofShimeno7),whichgivesacharacterizationoftheimage
ofthePoissontransform，
ForarealanalyticmanifoldXwedenｏｔｅｂｙＢ(Ｘ)thespaceofallhyperfunctions
onX、ＬｅＭｅＱ：ａｎｄ/ｅＺＷｅｄｅｆｉｎｅ
Ｂ(G/p,ＬＭ)＝{／ｅＢ(Ｇ)；／(肌α")＝ｅ(A-pxlogo)｢,(伽)-1/(9)
ｇｅＧ,加已〃,α二Ａ,〃elV+｝
and
Ｂ(G/Ｋ；ｒ`)＝{〃ＳＥ(Ｇ)；〃(9lb)＝、(ん)-1"(9)ｆｏｒａｎｙｇｅＧ,ﾉｾｅＫ}，
For／ｅＢ(G/Ｐ；ＬＡ,`),wedefinethePoissonintegralPM／ｂｙ
のハル)-ﾉ('(9Ｍ)伽
Ｈｅｒｅ肋denotestheinvariantmeasureonKwithtotalmeasurel、
Ｆｏｒ/ＥｃｌｆａｎｄノeZletPLZdenotethePoissonintegralofthefunctionl人Ｊｅ
Ｂ(G/Ｐ；Ｌ川,,)ｗｉｔｈＬ１ルーニ`,ｉｅ，
ル(偽-Ｗ川xp<-′ＭＨ(9-1偽)》伽9,A,`(9)＝
LetDAG/K)denotethealgebraofinvariantdifferentialoperatorsonB(Ｇ/Ｋ；て`）
ａｎｄＬＺｅＤｌ(G/K)denotetheLaplace-BeltramioperaｔｏｒａｃｔｉｎｇｏｎＢ(G/Ｋ；て`).We
havetheHarishChandraisomorphism
γＩ：皿(Ｇ広)→Ｓ(qc)w，
whereＳ(口c)wdenotesthesetofW-invariantelementsinthesymmetricalgebraS(qc)．
For几Ｅｑ芒ａｎｄにZletA(Ｇ/Ｋ,JVMdenotethespaceofallrealanalyticfunctions
inB(G/K,”)satisfyingthesystemofdifferentialequations，
ＭＡ,`：Ｄ腿＝γ`(、)(入)〃，ＤＳＤ(Ｇ/Ｋ)．
ＦｏＭｅｑ８ａｎｄ/ｅＺｗｅｄｅｆｉｎｅ
甑}＝Ⅲ鬘ＬＴ(÷('+入汁小))F(告('+小八脚)）
×!ＬF(告(ん+'+'))F(合い+1-！)）
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Theorem2、１（Shimeno7))〃スｅｑ８ｓａｊ域Ｃｓノノｂｃｃｏ"〃ｊｏ〃
-2器庄{L2,a-MM'αＥ２
ａｌ,（≠０，
(2.1）
(2.2）
〃〃伽PWSso〃〃"S/１Ｗ〃のA,ｌｊｓａＧ-たowoWz柳ｑ/、Ｂ(G/Ｐ；Ｌ,,`）Ｏ脚
Ａ(G/K,Ｍ,,`)．
Undertheconditionoftheabovetheorem,theinverseofthePoissontransforｍｉｓ
ｇｉｖｅｎｂｙｔｈｅｂｏｕｎｄａｒｙｖａｌｕｅｍａｐｕptoanon-zeroconstantmultiple．
３ＴｈｅＰｏｉｓｓｏｎｔｒａｎｓｆｏｒｍｓａｎｄｔｈｅＨｕａｅｑｕａｔｉｏｎｓ
３．１Poissontransformfordegenerateseriesrepresentations
LetseCandee{0,1}Letぴ．denotetheone-dimensionalrepresentationof肱
thatcorrespondstothecharacterg→(sgn(detg))E(ｇｅＧＬ(",Ｒ))bytheisomorphism
雌＝ＧＬ(",Ｒ)Let,o'bethelinearformｏｎｑごdefinedbylo'(Ｘｂ)＝〃・Ｗｅｄｅｆｉｎｅ
Ｂ(G低；Ｅ,Ｓ)＝{／ＳＥ(Ｇ)；／(伽α")＝ぴご(”)-1e(S-台("+1)Ⅲ。'(logα)/(9)，
ｇＥＧ川已肱,αｅＡＭｚ日Vﾖ}、
ＦｏｒｓｅＣｗｅｄｅｆｉｎｅ入:ｅｑｉ;ｂｙ
源一(s+会(”-1川+合("一脈`÷("-1)） (3.1）
Ｔｈｅｎｗｅｈａｖｅ
Ｂ(C庇；ｅ,ｓ)ＣＢ(G/P,ＬＡ:｡`)，
ＰＳ(Ｂ(G低；Ｅ,ｓ))ａｎｄＣＡ(G/K,Ｍ１:,`)．
For／ｅＢ(G処；Ｅ,ｓ)ａｎｄ／ｅＺｗｉｔｈノーＥｍｏｄ２ｗｅｄｅｆｉｎｅ
(3.2）
ルル)=ﾉlルル)ﾛ(靴
Let薦‘ｂｅａｕｎｉｑｕｅｆｕｎｃｔｉｏｎｏｎＧｓｕｃｈｔｈａｔｇ片畷,(9-1）ｉｓａｎｅｌｅｍｅｎｔｏｆ
Ｂ(G庇；Ｅ,－す)ａｎｄ魔`|Ｋ＝zLl､Astraightforwardcalculationshowsthat
(胴川獺)-ﾉI;閑(偽-Ｗ(柵 (3.3）
Ｌｅｔ{Ｅ‘}ｂｅａｂａｓｉｓｏｆＰ＋ａｎｄ{〃）bethedualbasisofP-withrespecｔｔｏＢＬｅｔ
Ｕ(9c）ｄenotetheuniversalenvelopingalgｅｂｒａｏｆ９ｃＷｅｃｏｓｉｄｅｒｔｈｅｅｌｅｍｅｎｔｏｆ
Ｕ(9c)⑭rcdefinedby
H：＝ｚＥｉ畷⑭，([Ｅｊ,Ｅ河)，（3.4）ｉ,j
wherePdenotestheorthogonalprojectionofrconto(ﾋﾞs)ｃ＝[fc,fc］NoticethatJ(：
definesahomogeneousdifferentialoperatorfromC｡｡(Ｇ/Ｋ；γ`）ｔｏ
５７BoundaryValueProblemsfortheShilovBoundaryoftheSiegelUpperHalｆＰｌａｎｅ
C､｡(G/K,『`⑭AdK|(ＥＳ)c),whichdoesnotdependonthechoiceofbasisWecall汎:the
Huaoperator、
Ｗｅｓｔａｔｅｔｈｅｍａｉｎｒｅｓｕｌｔｏｆｔｈｉｓａｒｔｉcle：
Theorem3，１ASS"籾ＣＳＥＣα"‘/ｅＺｓα/is/3ﾉﾉﾉｊｃｃｏ"〃ｊ０"，
-s+旱笙{1-|'|》|ﾉ|》|小}U{3/2,5/2,7/岬｝ (3.5）
T/DC〃伽PmSso〃加ｿＭｗ'ｏｊＭＧ－加加oゅ/jis籾ｑ／Ｂ(Ｇ低；Ｅ,ｓ）Ｏ脚ノハｅＷｃｃｑ／
cz"αＭｃ勉"ctj0"ｓ〃０〃ＸﾉﾉiajsczjjS/;ノ
(3.6）
(3.7）
訓州－２
川Ⅱ河 午)“｜（皀一田》〉〉》地轆“姻凪〈（
Noticethatcondition(3.5）isequivalenttoconditions（２１）ａｎｄ（2.2）ｆｏｒ鳩The
proofofthetheoremisdividedintothreesteps；
１．ＡｎｙｅｌｅｍｅｎｔｉｎｔｈｅｉｍａｇｅｏｆＰｇ,s,`satisfies(3.6)(Proposition３．２)，
２．Solutionsof(3.6)ａｎｄ(3.7)satisfyMA:,【(Proposition３．３)，
３．Undercondition(2,1)ａｎｄ(2.2)boundaryvaluesofsolutionsof(3.6)arecontained
inB(G/Ｂ；ｅ,ｓ）(Section3､３)．
Proposition３．２Ｆoγα脚／/〃Ｂ(G/Ｂ；ｅ,ｓ)，〃＝の:`／sａｔ域Ｃｓ(3.6)．
P'、/､ItissufficienttoshowthaM＝暗Usatisfies(3.6).ＷｅｐｕｔＦ＝庇:鷹LItis
afunctionfromGto(fs)csuchthat
F("α舵)＝ぴe(腕)e(§十台("+')叩'('｡gα)て!(AF)-1Ａd(ん)Ｆ(e)，
ｆｏｒａｌＭｅＫ，加巨〃回，αｅＡ宮ａｎｄ〃elV亘，andinparticular，
Ｆ(脈)＝ぴ唇(籾)て`(ん)~lAd(ん)Ｆ(e)，
ｆｏｒａｌＭＦｅＫａｎｄﾉﾘcejM宮ｎＫ．WewillshowthatFmustbeidenticallyzero、The
existenceofsuchFisequivalenttotheexistenceofvectorsinSu(")thatfollowthe
representation瓜undertheadjointactionofO(").SinceBu("）istheirreducible
representationｏｆＵ("）withhighestweightE1-E",ithasnonon-zeroSO(")-fixed
vectorfor〃三３bytheCartanHelgasontheorem(cfHelgason3),Chapter5,Corollary
４２)．Ｆｏｒ〃＝２，
（2]；）
isauniqueSO(2)fixedvectorin2u(2)uptoconstant・Butthisvectordoesnotfollow
α＝lundertheadjointactionof
;２，)ＥＣ(2)（
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３．２RadialpartsoftheHuaequations
Proposition３．３Ａ,Zyso肋吻〃q/(3.6)α"‘(3.7)たCO伽/"e‘/"Ａ(G/K,Ｍ:,`).We
shallprovethat①A;,ｚｉｓａｕｎｉｑｕｅｓｏｌｕｔｉｏｎｏｆ(３．６）ａｎｄ（３．７）ｓｕｃｈｔｈａｔ〃(肱)＝
､(ん)-1"(妬)ｆｏｒａＭＥＫａｎｄｊｒｅＧ(Corollary3､５).ThenwecanproveProposition
3､３ｉｎｔｈｅｓａｍｅｗａｙａｓｔｈｅｐｒｏｏｆｏｆＳｈｉｍｅｎｏ９),Theorem3､３．ＩｎｔｈｅｐｒｏｏｆｏｆＴｈｅｏｒｅｍ
３､３９)weuseacharacterizationofjointeigenfunctionsofD(Ｇ１K)bymeansofan
integralformula(Helgason3),ＣｈｌＶ,Proposition24),whichcanbegeneralizedtothe
caseofahomogeneouslinebundleeasily・
Wedefineelements弧(ノー１，…，〃),Ｘ士2唇`Ｅ９±2唇,(ノー１，…，〃)ａｎｄＸ±…仁9±…｡
(１二ノーＭ≦〃)ｂｙ
作(_呈殉）(１－）
ルー(冑左"霞‘）('…I
脇…-(ｻﾞｰｷﾞｉｉｉ;L塾)Bliii二ffl'Jルノ<'Ｍ
ルー(馳私)-回誼E鐘)ルノ<剛
andＸβ＝Ｚ(β＝２e1,2ｓ2,ｓ1±E2)．
Afunction〃ｏｎＧｉｓｃａｌｌｅｄ（r-噸,で_,)‐sphericalwhenitsatisfies
〃(ﾉIh恥)＝で碗(/I?l)~'z`(g肋(AF2)~lforallgeG㈹1,/ｂ２ｅＫ・
Proposition３．４〃〃ＥＣ｡｡(Ｇ)た(r-噸,で-,)-s，/zc沈αJα"‘sZzjfqﾉﾌﾞbsH:〃＝０，〃〃
勉e""c励卯
‘(ｊ)＝ﾉi(/川,ノル(exp(Ｚ尖,ijX))） (3.8）
szz"S/ｉｉｂｓ
（0:＋(2(１－ノー加)coth2巧十2碗coth方)0が
－０鱗２－(2(１－ノー碗)coth2九＋2腕cothﾑ)0`肉)。＝０
/bγαﾉﾉ１ニノ＜方≦〃,z(ﾉﾉﾉc”ﾉ！(/；腕,ノ）たｇ′zﾉe〃bｙ
(3.9）
"(fⅧ卜CiIcoSM)台…(典smh端);"-銅）
ｎｍ（Thecoefficientof乃一、(１ニノ＜ﾉｾﾆ〃)ｉｎ別：ｉｓｇｉｖｅｎｂｙ
ｚ[Ｚ－ｎ,ＥＪＥｻﾞ，＆
whichisanon-zeroconstantmultiplｅｏｆ
BoundaryValueProblemsfortheShilovBoundaryoftheSiegelUpperHalｆｐｌａｎｅ ５９
(3.10）Ｘ)ｊＸＬカーＸ７臘Ｘ施・
Bylida4),Ｌｅｍｍａ５１,（て_鯛,z--`)-radialpartof(3.10)iｓｇｉｖｅｎｂｙ
８２－０A＋2coth2方Ofj-2coth2tハ
ー(ノｃｏｔｈ２ｊｒ－腕sinh-12jr)2＋(ノｃｏｔｈ２ｙ－"sinh-12y)2．
Ｔｈｕｓ(３９)followsfromastraightforwardcomputation．□
ItfollowsfromProposition3、４andShimeno8),Proposition２．６thatthefunctionzU
isa（2.-狐,で_`)-sphericalsolutionof(3.6)ａｎｄ(3.7)ifandonlyifthefunctionのgiven
ｂｙ(3.8)isasolutionof
(03＋(2籾ｃｏｔｈｈ＋2(１－ノー”)coth2内)0#‘
＋己(coth(た＋tj)(0ｔ`＋0ｔj)＋(coth(ﾒｶﾞ一方)(0動－０t,))ｄ拝ｉ
=(s２－(告("+')-')圏)‘ (3.11）
ｆｏｒｌニノニ〃・
Corollary3,５血MDCα(『_狐,r-Z)-sP/DC加α/so〃o〃q／(3.6)α"‘(3.7)．Ｔ/be〃ル
ル"c"0〃のｇｊＵｃ〃bｙ（３．８）たαＣＯ"s伽t醜"/tli此ｑ／ノノｂｅ伽e卿o加c伽池"c"o〃
Ｆ(exp(Ｚ筵,jdX))；/{:’ん)ｑ/Hbcﾉb”α〃α"‘OPdb，，Ｍ(）んe”ん応ｇｊｚﾉc〃ｂｙﾉｾ±…為＝１/2(１
≦ノーFﾉﾔ≦〃)α"ＣＭ．`＝醜ｈｅ`＝１/2(１－ノー加)(１二ノー〃)．肋ｐＭｊＭｔＺ必がノー〃z，
伽〃の(ｔ)ｊＭｃｏ"s伽/籾"励陀cWz(／；ノ,/Ｍ;,`(exp(nL1hXD)．
Ｂ、（ByYan1o),Theorem2､１，thereisauniquesolutionof(3.11)for’二ノー〃upto
constantsubjecttoconditionthatitisW-invariantandanalyticaM-OMoreover，
byBeerends-Opdam1),Theorem42,itisthehypergeometricfunctionofHeckmanand
OpdamThelatterstatementfollowsfromShimeno8),Ｒｅｍａｒｋ３､８．□
３．３１nducedequations
Put
昭＝早(川…-私…』)Ｅビ('三川-1）
ThecoefficientofY;ｉｎ呪：ｉｓｇｉｖｅｎｂｙ
ｚ[Ｚ,Ｅ`]Ｅｻﾞ＝,/＝I(Ｌ,+‘』十,(恥，＋砿'.,)＋2(Ｌ』＋恥j瓢)鰯+唇`拳,)，
whichisanon-zeroconstantmultiplｅｏｆ
Ｌ,+＠兆,(Ｘ2町＋X2e(1)＋(Ｘｈ唇,＋Ｘｈｅｊ+,)Ｘｅ，-… （3.12）
Itcanbeseenbydirectcomputationsthatoperator(3.12)inducesonB(Ｇ/Ｐ；Ｌ』;,`）
differentialoperator(2"＋2-2s－/)Ｅｅ,､l-ej,whereEeﾙ,-.,ｅ９ｅｊ･'~ejisanon-zeroroot
vectorlndeed(3.12)isequivalenttoanelementofU(Qc＋nで)moduloU(9c)(rs)cand
computationsdoesnotdependonノ.Since9ej｡!~e'(１≦ノー〃－１）generaterl(曰)5,the
boundaryvalueofsolutionsof(3.6)ａｎｄ(3.7)arecontainedinB(Ｇ低；Ｅ,ｓ)forＥ＝
/modulo2andTheorem31follows、SeeShimeno9)fordetails．
NobukazuSHIMENo6０
Ｒｅｍａｒｋ３、６WecangeneralizeTheorem3､１forallHermitiansymmetricspaces
oftubetypeWewilldiscussthispointinaforthcomingpaper．
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